The shape of buildings plays a critical role in the energy efficiency, lifestyles, land use and infrastructure systems of cities. Thus, as most of the world's cities continue to grow and develop, understanding the interplay between the characteristics of urban environments and the built form of cities is essential to achieve local and global sustainability goals. Here, we compile and analyze the most extensive data set of building shapes to date, covering more than 4.8 million individual buildings across several major cities in North America. We show that average building height increases systematically with city size and follows theoretical predictions derived from urban scaling theory. We also study the allometric relationship between surface area and volume of buildings in terms of characteristic shape parameters. This allows us to demonstrate that the reported trend towards higher (and more voluminous) buildings effectively decreases the average surface-tovolume ratio, suggesting potentially significant energy savings with growing city size. At the same time, however, the surface-to-volume ratio increases in the downtown cores of large cities, due to shape effects and specifically to the proliferation of tall, needlelike buildings. Thus, the issue of changes in building shapes with city size and associated energy management problem is highly heterogeneous. It requires a systematic approach that includes the factors that drive the form of built environments, entangling physical, infrastructural and socioeconomic aspects of cities.
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I. INTRODUCTION
Nothing is quite as emblematic of a city as its skyline. Almost all large cities have extraordinary buildings and their shapes and profiles act together as a sort of identifier of particular places and times [1] . This phenomenon seems to repeat itself at different scales, with regional urban centers also developing taller and denser downtowns than smaller surrounding towns. Thus, it is interesting to ask how much we can tell about a city from its skyline.
Beyond the strong first impression that a city's skyline can produce lie a number of functional attributes of buildings that are essential for how cities operate. These include the relationships between building heights and associated energy consumption, transportation needs and patterns of land use. Very dense developed cities, such as Hong Kong or parts of Manhattan, strongly concentrate energy use in space due to high employment and population densities housed in very tall buildings. Such patterns of densification serve socioeconomic purposes but also lead to challenges and opportunities to the sustainable development of cities. In New York City, for instance, over two thirds of the energy is used in buildings, mainly for space cooling, heating, lighting and electricity driven appliances [2] . With similarly high fractions of energy use in many modern cities [3] , buildings are becoming the focus in the effort to understand and mitigate the negative consequences of urban energy use and associated pollution and greenhouse-gas (GHG) emissions [4] [5] [6] . This is particularly important in developing cities, where the expansion of urban built fabric will exceed all that we have built worldwide so far. Many of these urban areas will need to grow in height to house and employ growing population sizes, as is clearly visible in the changing skylines of cities in China or India today. What are the expected patterns of growth in building heights for such cities? And how may we seize opportunities arising from the understanding of such patterns to develop more sustainable megacities?
Extensive research has focused on buildings as self-defined entities [4] or on selected and rather small areas within a particular city [7] . These results have demonstrated the impact of building design on the resulting thermal load. At the urban scale, however, comparatively little has been done so far, mainly due to the lack of detailed city-wide statistics of building morphologies. Batty, Steadman and collaborators, on the basis of earlier work by Bon [8] and Steadman [9] , took important steps in this direction by exploring the intra-city allometry and building statistics for Greater London [10, 11] . Nevertheless, quantitative insights across cities of varying population sizes are needed to derive better predictions of the built form as urban areas expand and develop. Indeed, as casual observation readily attests, building shape is determined, at least on average, by the value of land, which in turn is associated with urban wealth and population density [12] . Increasing building height creates more floor space per unit of land occupied and, thus, serves as a dimension that can be expanded in order to maintain living and working spaces affordable even as land values rise. In recent years, advances in high-resolution remote sensing technology, such as airborne Light Detection and Ranging (LiDAR), have made it possible to generate detailed data on building geometries over vast geographic areas [14] . At the same time, an increasing number of city governments are opening their comprehensive building data bases to the public [15] , and collaborative user-generated mapping projects such as OpenStreetMap (OSM) have started to incorporate 3-D building geometries from a growing number of cities worldwide [16] . Thus, there is a clear prospect that building shapes for all cities in the world will be available in the near future and that this sort of information will become a common basis for urban science and planning policy.
Here, we compile and analyze a new large-scale data set of buildings, unprecedented in terms of geographic scope and resolution, to derive general characteristics of building shape as a function of city population size. More specifically, we first assemble data for 12
North American cities, containing the geometries of ≈4.8 million buildings in total. Most of these data are based on LiDAR measurements, see Material and Methods. We then use this information to develop a predictive theoretical framework for the increase in average building height as cities become larger, by extending concepts from urban scaling theory.
Subsequently, we establish the allometric relations between city size and the statistics of buildings shapes and conclude by discussing some of the potential consequences for urban energy use as functions of building sizes and shapes. Figure 1 depicts the geographic distribution of building heights in a few example cities and table I reports the summary statistics for all cities in our data set. This gives us a first impression that is in line with general intuition that larger cities have taller buildings.
II. RESULTS AND DISCUSSION
However, this also shows great heterogeneity in building heights across space, together with a general trend towards lower structures with a single floor (≈3-5m) at the edge of the city.
Dealing with this strong spatial heterogeneity is the greatest challenge for any comparative study of building characteristics. To limit potential biases due to the highly variable geographic scope and heterogeneous spatial coverage of the different data sets (figure 1), we first define a circle of fixed radius d around each city center (defined as the location of the city hall), and subsequently compare the building statistics from within these circle areas.
A. Building height statistics
We start by showing the behavior of average building heights, h, for our set of cities. Urban economic theory suggests that the cost of space in terms of rent and consequently densities for all land uses significantly decrease with increasing distance from the city center [18] . Thus, under the assumption of such regular mono-centric patterns, the average building height should also continuously decrease with increasing cut-off distance d. This is 
B. Theoretical prediction of average building height
It is to be generally expected that larger cities have some taller buildings. There are several reasons for this, related to the concentration in space of population, infrastructure and economic activity. Here, we explore the consequences of such densification. Specifically, by asking that average incomes stay commensurate with rents on built space we show how to derive expectation on average building heights. To do this, consider a city with population size N , land area A and total income (or GDP) Y . The built land area of the city is isomorphic with the infrastructure network [19] and is denoted by A n , as described in [12] .
If a fraction of total income, b, is allocated to land rents, we obtain that the average price of land per unit area and unit time as a function of city size N , is
where Y (N ) = GN 2 /A n and A n (N ) = A 0 N 1−δ , see [12] . In practice, b may itself depend on city size, but we leave it here as a parameter. The most general, and simplest, expectation for the exponent is δ ≈ 1/6 [12] . This expectation is borne out by the value of single family homes in most major US metropolitan areas, see figure. 2(e). These express the aggregate value of housing before stronger densification effects set in and buildings start to get tall towards city centers.
This behavior of land rents ultimately poses a problem: because of the compounded effects of greater density (less space per capita) and higher productivity and incomes (more money per capita), land rents increase with city population size faster than income, and would eventually consume and overcome all productivity gains. This is unacceptable. The way out of this dilemma relies on cities developing a systematic change in their land use as they grow. This adaptation can happen in practice in two ways. First, individuals and firms may adjust their lifestyles to consume less space, in line with their incomes. We can compute what such a change would imply by defining a f as the average area of floor space that an individual actually uses. Equating this to the total area and solving for the value of a f , such that rents scale like per capita incomes, y = Y /N , we obtain
This result entails a relative reduction of about δ 17% in area per person with every doubling of population size. Although smaller spaces per capita are certainly a feature of many large cities, the ultimate expression of this logic is to be found in informal settlements or slums. It is estimated, for example, that the population density of the Lower East Side of Manhattan in the 19 th century reached almost 150,000 people/km 2 , the highest population density ever in the US, and likely to never again be repeated.
Second, to avoid having to use less space per capita, cities may simply produce more floor space per unit of land. This requires taller buildings. It is readily observable that as cities grow and develop they tend to use more of their third spatial dimension, by burying much of their infrastructure and by building taller residential and commercial buildings.
The growth in height of a building typically incurs additional costs and is regulated through zoning. Costs are the result of both necessary changes in direct construction and in a relative reduction in usable space as buildings grow taller due to structural requirements to support more weight and building infrastructure [13] . These include stairwells, elevator shafts, cables, pipes, etc. The ratio of floor space to land area also depends on the shape of the building. Familiar examples are the growth and adaptation of elevator shaft design: in tall buildings elevators are typically built in terms of double or even triple deckers, meaning that a person wanting to reach the top of the building will change elevators 2-3 times.
Many architects see it as a rule of thumb that with present technology a building taller than about 100 stories is not economically viable. We model these effects through a dimensionless number, 0 < C(h) ≤ 1, which accounts for the relative loss of floor space as building height, h, increases. Nevertheless, at moderate heights it is estimated that the monetary cost of buildings is approximately linear on height, incurring no especially large penalty in costs [13] .
The point about making a building taller is to compensate for competition for land by creating more floor space. To compute the expected average height of buildings in a city of population N and GDP Y , we require that a f is a constant, independent of city size, and write the floor space per capita as
The function C(h) is not generally known [13] . Measures of building costs often assume a linear relationship between total costs and height. Hence, if loss of space were neutral with height, at least initially, we predict that average height increases with an exponent around δ 1/6, similar to built density [20] . Given that C(h) will typically decrease with height, we should expect a slightly larger exponent, particularly when considering only areas around the downtown cores where buildings tend to be tall (i.e. for small values of the radius d).
This theoretical prediction is consistent with our empirical observations, see figure 2(d).
We develop a simple model for C(h) and explore some of its consequences in the electronic supplementary material.
C. Building allometry and energy efficiency
We now compute the changes in building shape across cities and discuss their general consequences for energy management. In particular, we want to estimate the surface-tovolume ratio, r b , for different buildings. This is intimately connected with building allometry, that is, how different dimensions of building shapes co-vary.
The quantity r b is important because it determines the energy efficiency of buildings: it is through its external surface that a building receives light from the outside and maintains a gradient of temperature for climate control, expending energy in the process. There are various tools to compute the energy efficiency of buildings, such as EnergyPlus from the US Department of Energy [21] . For example, to compute energy use due to climate control, these tools rely ultimately on elaborations of a model for thermal diffusion through the building's walls. Such models obey a thermal equation of the type
where E(τ ) is the energy spent over a time interval τ . The vector ∇T is the gradient in temperature across the building's walls, between the building's interior and the exterior, normal to the wall n. The parameter µ accounts for both the efficiency of converting energy into an ambient temperature and the average thermal diffusion across the walls (and its associated efficiency of insulation). The building's total surface is given by S b . In the last expression, on the right, we took the average temperature gradient over the time τ , as ∆T .
The energy efficiency of the building should be evaluated on a per capita basis and not in absolute terms as large buildings may house many people. To do this we compute the expected number of people occupying a building as
where 2 is the footprint area. The quantity v b = a f h 0 is the average building volume per capita, which we take to be city size independent. Thus, the energy used per capita in the building is
We see that energy efficiency is related to building size and shape through the surface-to- 
The sphere is special because it is the shape with the smallest surface-to-volume ratio.
We therefore take the sphere as a reference when generalizing to more realistic building shapes. Our starting point is a cube with side length D = V . The next step in generalizing shapes is to consider a square cuboid shape, with footprint area 2 = A f and height h. We now have two characteristic length scales and h, and the surface to volume ratio will be a function of both. We have that
where D = ( 2 h) 1/3 and x = h/ is a dimensionless shape parameter. Minimizing r b relative to x at fixed D, one obtains the shape with the smallest surface to volume ratio: this is the most spherical shape, corresponding to = h or x = 1. For any other shape, the term in brackets involving x will be larger than one. This expression is easy to generalize to buildings that have an additional length, for instance if the footprint is not well described by a square but rather resembles a long rectangle. This result and the procedure to its generalization to other shapes is presented in the electronic supplementary material.
It follows from equation (8) , as
We see therefore that the simplest allometric relation S b ∼ V . This is also the shape for which buildings are most efficient in terms of climate control. North America can be predicted using urban scaling theory and how the shape and size of buildings can be characterized by one single scale and a set of shape parameters. As several dimensions of a building (width and height, for example) become similar, as we find in larger cities, the surface-to-volume ratio of buildings converges to its simplest case (analogous to a sphere). In such a case, or when shape parameters are statistically independent of building size, the allometric relation between building surface area and volume becomes simplest,
. This seems to be the limit to which buildings in North American cities converge to, on average, as cities become larger. In this limit, thermal diffusion per person in buildings can be smallest (depending on other factors, such as thermal conductivity) and buildings can be most efficient in terms of energy management related to climate control.
These results offer a quantitative baseline to predict the change in urban geometry as cities grow in population and wealth. This will be especially important in fast developing cities and may also find applications to shrinking urban areas, where such changes in urban form may happen in reverse. As the availability of building-related data grows quickly over the near future [15] , it will be instructive to apply our framework to a larger number of cities in various cultures and economies. In a next step, to estimate city-wide energy consumption of buildings, our results can be combined with thermal models or directly applied in existing building energy simulators [21] . Besides urban energy and associated greenhouse gas emissions, it would be interesting to assess the impact of the changing building allometry on urban heat island effects [22] and other aspects of urban microclimates [23] . Finally,
it remains an open challenge to combine city-wide building characteristics with large-scale data on the spatio-temporal distribution of people and their activities [24] , in order to better understand the complex interplay between socioeconomic processes and urban built form and to obtain improved systemic metrics of energy efficiency in cities.
IV. MATERIAL AND METHODS
All data on building geometries used here were compiled from various publicly accessible sources. and a digital surface model (DSM) were generated. We then subtracted the DEM from the DSM yielding a normalized digital surface model (NDSM). Subsequently, the maximum height values from the NDSM were attributed to each building footprint intersecting the NDSM. For this task, LASTools, a semi-opensource LiDAR processing library, was used in conjunction with GDAL, OGR, and Python [27] .
For Chicago, we extracted building heights from OpenStreetMap [16] . If absolute height values were not available, we used the number of floors and assumed a standard floor height of 3.5 m. If neither the absolute height nor the number of floors was given, we assumed the structure to be a single-story building. We did not extract building footprints. 
